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ON PARAMETRIC THUE-MORSE SEQUENCES AND LACUNARY 

TRIGONOMETRIC PRODUCTS 


CHRISTOPH AISTLEITNER, ROSWITHA HOEER, AND GERHARD LARCHER 

Abstract. One of the fundamental theorems of uniform distribution theory states that 
the fractional parts of the sequence (na)n>i are uniformly distributed modulo one (u.d. 
mod 1) for every irrational number a. Another important result of Weyl states that 
for every sequence {nk)k>i of distinct positive integers the sequence of fractional parts 
of {nka)k>i is u.d. mod 1 for almost all a. However, in this general case it is usually 
extremely difficult to classify those a for which uniform distribution occurs, and to measure 
the speed of convergence of the empirical distribution of {{nia },..., {nAra}) towards the 
uniform distribution. In the present paper we investigate this problem in the case when 
(nk)k>i is the Thue-Morse sequence of integers, which means the sequence of positive 
integers having an even sum of digits in base 2. In particular we utilize a connection with 
lacunary trigonometric products Ofco |sin7r2^a|, and by giving sharp metric estimates 
for such products we derive sharp metric estimates for exponential sums of (ufca)fe>i and 
for the discrepancy of ({ufca})j,>]^ • Furthermore, we comment on the connection between 
our results and an open problem in the metric theory of Diophantine approximation, and 
we provide some explicit examples of numbers a for which we can give estimates for the 
discrepancy of {{nkOi\)f.^i. 


1. Introduction and statement of results 

Throughout the rest of this paper, let {nk)k>i denote the sequence of positive integers which 
have an even sum-of-digits function in base 2, sorted in increasing order. In other words, 
iP'k)k>i is the sequence of Thue-Morse integers (0, 3, 5, 6, 9,10,12,...). Furthermore, we 
write {rnk)k>i for the sequences of those numbers which are not contained in {nk)k>i) 
sorted in increasing order; thus {mk)k>i = (1, 2,4, 7, 8,11,...). The numbers {nk)k>i are 
frequently called evil numbers, while the numbers {mk)k>i are called odious numbers. 

The Thue-Morse integers are characterized by the Thue-Morse sequence 

(^Jn>o = (0> 0- ■ •) 
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which has been discovered several times in the literatnre. For an extensive snrvey, see |1]. 
In onr notation we have n G {nk)k>i if and only if = 0. 


In this paper we analyze exponential snms of the form X]fc=i for reals a G [0, 1) , and 

- what is intimately connected - prodncts of the form n^=o |sin 7 r 2 ^Q!|, as well as distribn- 
tion properties of the seqnence To qnantify the regularity of the distribution 

of a finite set of real numbers in [0,1] we use the notion of the star-discrepancy D*j^. For 
given numbers Xi,..., xat, their star-discrepancy is defined by 


.. .,xn) = sup 
ae[0,i] 


1 ^ 

-F 

N ^ 

n=l 


40,a] 


[Xr. 


— a 


An infinite sequence {xn)n>i whose discrepancy D*^ tends to zero as cxo is called uni¬ 
formly distributed modulo one (u.d. mod 1). Informally speaking, the star-discrepancy is a 
measure for the deviation between uniform distribution on [ 0 , 1 ] and the empirical distribu¬ 
tion of a given point set; in probabilistic terminology this corresponds to the Kolmogorov- 
Smirnov statistic. Discrepancy theory is a rich subject, which has close links to number 
theory, probability theory, ergodic theory and numerical analysis. For more information 
on discrepancy theory, we refer to the standard monographs [ni[ 23 . 


Sequences of the form are called Kronecker sequences. One of the fundamental 

results of discrepancy theory states that such a sequence is u.d. mod 1 if and only if a 
is irrational. It is also well-known that the discrepancy of such a sequence depends on 
Diophantine approximation properties of a. More precisely, we have 

( m{N) \ / 7n(N) 

= ND%{{a },..., {iVa}) = O 
n=l I y n=l 

as N ^ oo, where 01 , 02 , 03 ,... are the continued fraction coefficients of a and where 
m{N) is defined by qm{N)-i < N < qm{N) with qi < q 2 < qs < ... denoting the best 
approximation denominators of a (see for example [121 Corollary 1.64]). Hence 

iVDy,({a},..., {iVa}) = O (log N) as N ^ 00 


if a has bounded continued fraction coefficients, and, as a consequence of metric results of 
Khintchine [26], for every £ > 0 we have 


ND*^{{a},...,{Na}) = 0 


/ (log iV) (log log 

V N ) 


as —)■ 00 


for almost all a G M. 


It is known (and it will be re-proved implicitly in this paper; see Section 6 ) that the se¬ 
quence {{nkC(})k>i (which we will call Thue-Morse-Kronecker sequence) is also uniformly 
distributed in the unit interval if and only if a is irrational. However, it turns out to be 
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a very difficult task to give sharp estimates for the discrepancy of this sequence for con¬ 
crete values of a. As we will see, the discrepancy of a Thue-Morse-Kronecker sequence 
depends on Diophantine approximation properties and properties of the digit 
representation of a in base 2. Until now there are only few (non-trivial) cases of a where 
we have enough information about both of these aspects. 


Exponential sums and discrepancy theory are intimately connected. One such connection is 
Weyl’s criterion, two others are the Erdds-Turan inequality and Koksma’s inequality. The 
Erdos-Turan inequality (see for example [121 IHl ES]) states that for points xi,... ,xn G 
[0,1] we have 


( 1 ) 


D*j.^{xi, ...,xjv)< 


1 



h=l 


1 

N 


N 



^2mhxt 


k=l 




where H is an arbitrary positive integer. Koksma’s inequality says that 


( 2 ) 


f{x) dx 


1 ^ 
k=l 


< (Var[o,i]/)T>;^(a:i, ...,Xn), 


for any function / having bounded variation on [0,1]. When combined, the Erdos-Turan 
inequality and Koksma’s inequality show that exponential sums can be used to obtain both 
upper and lower bounds for the discrepancy. 


As an explicit lower bound from (jj]) we get (compare for example [27]): 


(3) 


D*n {xi,...,xn) > — 


N 


N ^ 


^27riHx}z 


k=l 


where H is an arbitrary positive integer. Koksma’s inequality and its multi-dimensional 
generalization are also the cornerstone of the application of low-discrepancy point sets in 
numerical integration (so-called Quasi-Monte Carlo integration-., see for example mm)- 


Consequently, in this paper we will mainly be concerned with the problem of investigating 
exponential sums of the form It turns out that this investigation relies on 

studying lacunary products of the form n^=o |sin7r2^Q;|. Furthermore we study the discrep¬ 
ancy of {{nk<y})i.>i. For all three topics we obtain sharp metric results. The investigation 
of the lower bound for the discrepancy leads to a challenging open problem in Diophantine 
approximation. Finally, we consider two concrete non-trivial special examples for a. 


The main results of this paper are the following. (Throughout the rest of this paper, we 
write exp(x) for e^.) 
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Theorem 1. Let {nk)k>i be the sequence of Thue-Morse integers, and let h ^ Q he an 
integer. Let e > 0 be arbitrary. Then for almost all a G (0,1) we have 


(4) 


N 

k=l 


^2nihnka 


< exp 


for all N > No{a, h, e), and 

N 

(5) ’> e 

k=l 

for infinitely many N 


'y ^2mhnkOi 


> exp 


-g) (logA^)^/^(logloglogiV)^/2^ 


Note that the exponential function in (jl]) grows more slowly than any (hxed) power of iV; 
but faster than any (hxed) power of logiV. In other words, as a consequence of Theorem [T] 
for every e: > 0 and every A > 0 we have 

N 


n((logiV)^) 



^27vihnkOi 


O (iV") as iV ^ CX), 


k=l 


for almost all a. 


It will turn out that Theorem [T] is an almost immediate consequence of the following result 
on lacunary trigonometric products. 


Theorem 2. Let e > 0 be arbitrary. Then for almost all a G (0,1) we have 

L 

(6) n 12 sin 7r2^a| < exp ^(vr + e) a /L log log L^ 

£=0 

for all L > Lq (a, e), and 

L 

(7) n |2sin7r2^a| > exp ^(tt — e) a/ L log log L j 

e=o 

for infinitely many L. 


This result is a consequence of a more general result, Theorem El which will be formulated 
later in Section [2] since it needs some technical prerequisites. 

From the lower bound in Theorem [1] and formula ([3]) we immediately obtain a metric 
lower bound for the discrepancy D*^ ({nio} ,..., {uNa}) of the Thue-Morse-Kronecker 
sequence. However in Theorem |3] it turns out that the true metric order of the discrepancy 
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) ■ ■ ■ 5 is much larger. 


Theorem 3. Let be the sequence of Thue-Morse integers. Let e > t] he arbitrary. 

Then for almost all a G (0,1) we have 

(8) ({nio} ,..., {nAro}) = O as N ^ oo, 

and 

( -1 I log A \ 

as iV —)■ oo 

for infinitely many N. Here X is a real constant defined below for which it is known that 
(10) 0.66130 < A < 0.66135. 


The number A in Theorem |3] appears in a result of Fouvry and Mauduit [H], which states 
that 

„1 L-l 

(11) /i(L) := / |sin7r2^a| do = aA^ (1 + o(l)) 

e=o 

for L —)■ oo, with constants k > 0 and A with 0.654336 < A < 0.663197. In Lemma [71 
which is contained in Section [5l we will improve the estimate for A to flTOl) . Note that as 
a consequence of ([8]) and fITOl) we have 

ND*j^ ({nio} ,..., {riTva}) = O as iV ^ oo, 

for almost all a. This should be compared with the general metric discrepancy bound 

(12) ND% {{bia} ,... , {bNa}) = O (yN{log as N ^ oo 

for almost all a, which holds for every strictly increasing sequence of positive integers 
{bk)k>i (see 0 )- It is known that in the general setting the upper bound given by flT^ is 
optimal (up to powers of logarithms; see |8]). Thus the upper bound given in Theorem [3] 
is signihcantly stronger than the general metric discrepancy bound given by fITT]) . Further¬ 
more we want to emphasize the fact that the precision of Theorem [3] is quite remarkable, in 
view of the fact that good bounds for the typical order of the discrepancy are only known 
for a very small number of classes of parametric sequences. 

One of the main objectives of Theorems [1] and [3] is to examine the degree of pseudoran¬ 
domness of the parametric sequences {{nka})k>i, and consequently also of the Thue-Morse 
sequence {nk)k>i of integers itself. By classical probability theory, for a sequence Xi, X 2 ,... 
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of independent, identically distributed (i.i.d.) random variables having uniform distribu¬ 
tion on [0,1] we have the law of the iterated logarithm (LIL) 


(13) 


lim sup 

N^OO 


^ g27rj/iAi, 


V'2A^log logiV 


1 

7 ! 


almost surely (a.s.) 


and the Chung-Smirnov LIL for the Kolmogorov-Smirnov statistic (that is, for the dis¬ 
crepancy) 


(14) 


hm sup- , - — = - 

N^oo y/2N\og log 2 


a.s.; 


in other words, for a random sequence of points exponential sums are typically of asymp¬ 
totic order roughly \/N, and the discrepancy is typically also of the corresponding asymp¬ 
totic order. Furthermore, similar results usually hold for exponential sums of {rkC()k>i 
and for the discrepancy of {{rka})k>i when {rk)k>i is a “random” increasing sequence of 
integers. In the simplest model, when for every number n > 1 we decide independently and 
with fair probability whether it should be contained in {rk)k>i or not, then flT^ holds almost 
surely (with respect to the probability space over which the r^’s are dehned) for almost all 
a. In a similar fashion both results flT^ and flT^ essentially remain valid when the random 
sequence {rk)k>i is constructed in a more complicated fashion (see for example [T^IMI IM]). 


Thus Theorem [T] and Theorem [3] show that the typicaO asymptotic order of exponential 
sums and of the discrepancy of {{nka})k>i for the Thue-Morse integers {nk)k>i does not 
match with the corresponding order in the random case, by this means showing an interest¬ 
ing deviation from “pseudorandom” behavior of the sequence {nk)k>i itself. On the other 
hand, the behavior of {{nka\)k>i also does not match with the behavior of na-sequences 
for typical values of a. More precisely, as already mentioned above, as a consequence of 
metric results of Khintchine [26] and due to the fact that the discrepancy of ({nQ;})„>i can 
be expressed in terms of the continued fractions expansion of a, we have 


(15) 


Z);,({a},{2a},...,{/Va}) = 0 


/ (log A^) (log logiV)^+^)\ 

V ; 


as iV —)■ cx) 


for almost all a. Consequently, by Theorem [31 the typical asymptotic order of the dis¬ 
crepancy of parametric sequences {{nka})k>i is signihcantly larger than that of typical 
na-sequences, and by Theorem [1] this is also true for exponential sums. Thus, with re¬ 
spect to exponential sums as well as with respect to the discrepancy, parametric sequences 
{nka)k>i generated by the Thue-Morse integers {nk)k>i occupy a position somewhere be¬ 
tween ncK-sequences and truly random sequences. We also want to comment on the fact 
that there is a huge difference between the order of the exponential sums in Theorem [1] and 
the order of the discrepancy in Theorem [31 This is a very surprising phenomenon, which 
is related to problems from metric Diophantine approximation (which are implicit in the 


^By a result which holds for “typical” a we mean a result which is valid for a set of full Lebesgue 


measure. 
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proof of Theorem [3l and are briefly discussed in the concluding Section [7]). 

As already mentioned earlier, it is rather difficult to give the right order for the exponential 
sums in Theorem [H the trigonometric products in Theorem [2l and the discrepancy of 
for concrete non-trivial examples of a. What do we mean by a “non-trivial” 
example? In the hrst part of Section [6] we will point out the following facts: 

• The order of the discrepancy of the pure Kronecker sequence {{na})^-y^ never is 
signihcantly larger than the order of the discrepancy of the Thue-Morse-Kronecker 
sequence 

• If the order of the discrepancy of the pure Kronecker sequence satishes ND*j^ = 

f iVi°s4 j then the discrepancy of the Thue-Morse-Kronecker sequence is es¬ 
sentially of the same order as the discrepancy of the pure Kronecker sequence. 

• If the order of the discrepancy of the pure Kronecker sequence satishes = 

O then D^f satishes ND*j^ = O 


Thus an “interesting non-trivial” example means for us an example where a is a “natu¬ 
ral” real number such as \/2, e, tt (it seems to us that there is no chance to handle these 
numbers since we do not have enough information on their digit representation), or where 
a is such that D*j^ and hence D*j^ is small (say = O (W) - however we cannot give 

such examples) or where the quality of the distribution of the sequences and 

({nfca})^>^ diher strongly. Two such examples are given in Theorem 01 Especially in the 
hrst example the diherence between and D*jq is of the maximal possible form. 


Theorem 4. 

a) Let a = 1 + Then for the star-discrepancy D*^ of the pure Kronecker 

sequence we have 

ND*^ = 0{\ogN), 

whereas for the star-discrepancy of the Thue-Morse-Kronecker sequence {,{nkO.})k>i 
we have 

ND% = O and 

ndIj = n (ATEii-M 

for every e > 0. 

b) Let 7 = 0.1001011001101001... the Thue-Morse real in base 2. Then for the star- 
discrepancy D*^ of the pure Kronecker sequence ({?77})„>i we have 

ND% = O (W) for all e > 0, 
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whereas for the star-discrepancy of the Thue-Morse-Kronecker sequence {,{nkl})k>i 

we have 


0.6178775 


ND*^ = n (iV' 


)■ 


We would like to point out here that there is an intimate connection between distribution 
properties of ({7tfca})fc>i and of certain types of hybrid sequences. For some information 
on the analysis of hybrid sequences see for example [23] , [2l| and |28| . 

As already mentioned, the proofs of Theorems [H and [3] are based on a connection between 
exponential sums of {nka.)k>i and the lacunary trigonometric products studied in Theo¬ 
rem [2J We will establish this connection in the following lines, and exploit it in Section [2] 
in more detail. For the time being, we assume that N is of the form 2^ for some positive 


integer L. 


To analyze the exponential sums appearing in Theorem [T] and on the right-hand side of (ITi) . 
we dehne 



By the assumption that N = 2^ we have 




which yields 


(16) 



and 


( 17 ) 
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A similar analysis for the sequence {mk)k>i shows that 


(18) 


N 

E' 

k=l 


^27TihmkOL 


< - ni2sin7rh2^a| + -n 12 cosnh2^a\, 


e=o 


£=0 


where again we assume that N = 2^. 


By taking logarithms, we can convert the trigonometric products appearing in ffT6|) and flT8|) 
into so-called lacunary sums] these sums have been intensively investigated in Fourier anal¬ 
ysis, and a wide range of mathematical methods is available for studying them (see the 
following Section [2]). Thus the theory of lacunary sums allows us to obtain an estimate for 
the size of the exponential sums Sh{N) in the case when iV is a power of 2; however, it will 
turn out that we may also drop the condition that N is an integral power of 2 by applying 
a dyadic decomposition method. 


Note that by flT^ and by the fact that the Thue-Morse integers have asymptotic density 
1/2 it is easy to show that all the conclusions of Theorem [1] and Theorem [3] remain valid if 
we replace the sequence {nk)k>i by the sequence {mk)k>i (of those numbers which are not 
Thue-Morse integers). 

The outline of the remaining part of this paper is as follows. In Section [2] we explain the 
main principles of the theory of lacunary (trigonometric) sums, and state several lemmas 
as well as Theorem [5l which we require for the proofs of Theorem [1] and Theorem [21 In 
Section [3] we give the proofs for the results stated in Section [21 and in Section 01 we give the 
proofs of Theorem [H and Theorem [21 In Section [5l we prove Theorem [3l and in Section [6l 
we prove Theorem 01 Finally, in Section [71 we briefly mention a problem from metric 
Diophantine approximation, which was posed by LeVeque in [22] and is related to the 
proof of Theorem [21 

2. Probabilistic results eor lacunary trigonometric products 

It is a well-known fact that so-called lacunary systems of trigonometric functions, that is, 
systems of the form {cos27rs^a)i>i or {sm.2T\'s^Q.)i>i for rapidly increasing exhibit 

properties which are typical for sequences of independent random variables. This similarity 
includes the central limit theorem, the law of the iterated logarithm, and Kolmogorov’s 
“Three series” convergence theorem. The situation is particularly well understood when 
{si)£>i satishes the Hadamard gap condition 

(19) ^>g>l, ^>1. 

Si 

To a certain degree this almost-independence property extends to systems {f{sia))i>i for 
a function / which is periodic with period one and satisfies certain regularity properties; 
however, in this case the number-theoretic properties of {s£)e>i play an important role, and 
the almost-independent behavior generally fails when f[T9|) is relaxed to a weaker growth 
condition. The case which has been investigated in the greatest detail is that when / has 
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bounded variation on [0,1], since this case is (by Koksma’s inequality) closely connected 
to the discrepancy of the sequence of fractional parts which in turn can be 

interpreted as the (one-sided) Kolmogorov-Smirnov statistic adopted to the case of the 
uniform measure on [0,1]. 


To estimate the trigonometric products appearing in (1161) and flTSD we will use the equalities 


L-l 


'L-l 


( 20 ) 

and 

( 21 ) 


|2sin7rh2^a| = exp j log 12 sin 7rh2^ 


a\ 


£=0 


L-l 




'L-l 


|2 cos 7rh2^Q;| = exp j log |2 cos7rh2' 


a 


£=0 


,£=0 


respectively, to transform the problem of lacunary trigonometric products into a problem 
concerning lacunary sums. However, the functions 

(22) /i(q() := log |2sin7rQ;| 

and 


(23) /2(D) := log |2 costtckI 

do not have bounded variation in [0,1] (see the hgures below). Consequently, the known 
results are not applicable in this situation, and we have to adopt the proof techniques in 
such a way that they can handle this kind of problem]^ 




Figure 1: the functions /i (left) and /2 (right). 


In the following we will assume that / is a measurable real function satisfying 


(24) 


f{a + l) = /(a). 


/(a) da = 0, 


f{aY da < 00 , 


^There exist a few results concerning lacunary series when / is neither required to have bounded 
variation, nor to be Lipschitz- or Holder-continuous, nor to have a modulus of continuity of a certain 
regularity; see for example m- However, for these results the growth requirements for (s£)£>i are much 
stronger than m, which means that they are not applicable in our case, since by (EOD and m we have 
to deal with lacunary sequences growing exactly with the speed presumed in (I19L and not faster. 
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and that is a sequence satisfying ([19]). We write 

CO 

/(«) E ttj cos 271 ja + bj sin 27ija 

j=i 


for the Fourier series of /, and we will assume that the Fourier coefficients of / satisfy 


(25) 


a 


1 

7 1 — ~ ’ 

J 



for j > 1. 


The inequalities in line 025 p appear frequently in the theory of lacunary series, since the 
upper bound stated there describes precisely (up to multiplication with a constant) the 
maximal asymptotic order of the Fourier coefficients of a function of bounded variation 
(see for example |37l p. 48]). However, even if the function is not of bounded variation the 
estimates in fl2^ may still be true; this can be seen by the fact that for the (unbounded) 
functions /i and /2 from lines fl2^ and fl2^ . respectively, we have 


/i(«) ~ 

i=i 


-1 

— cos 271 j a 
J 


and 


OO 

/2(a) ~ 

i=i 


j 


cos27i ja. 


By the way, we note that both fi and /2 are even functions, and that both of them sat¬ 
isfy dMj). 


Throughout the remaining part of this paper, we will write P for the Lebesgue measure 
on the unit interval. Note that the unit interval, equipped with Borel sets and Lebesgue 
measure, is a probability space, and that accordingly every measurable function on [0,1] 
can be seen as a random variable over this probability space. We also write || ■ II 2 for the 
L^(0,1) norm and || • ||oo for the supremum norm of a function, respectively. 

The main technical tool in this section is the following exponential inequality (Lemma [T|). 
Together with the subsequent lemmas it will allow us to give an upper bound for the 
measure of those a for which fl20|) and fl?Il) are large (stated in Lemma Hj). We state 
Lemmas [THII in a slightly more general form than necessary for the proofs of Theorem [1] 
and [21 and we will use them to prove an additional new theorem, namely Theorem [5] below. 

Lemma 1. Assume that f is an even measurable function satisfying fl2T]) . whose Fourier 
coefficients satisfy fl25|) . Furthermore, let {se)£>i be a sequence of positive integers satis¬ 
fying (IT^ for some number q > 1. Then there exists a number Lq = Lo^q), such that 
the following holds. Let L > Lq be given, and write p{a) for the LP'-th partial sum of the 
Fourier series of f. Then for all 

(26) 


Ae [0,L-'/»] 
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we have 


and 


/ exp I A '^^p{sia) j da < exp 

>^0 V £=1 / 

J exp f A^^p(s£a) j da < exp ^12A^ 


2A"7r^L 




\\P\ 


1/2; 


The same two conclusions hold if f is an odd function instead of an even function. 

We emphasize the fact that the number Lq in the statement of Lemma [U depends only on 
the growth parameter q; it does not depend on the function / or the sequence {si)e>i. The 
same will be true for the numbers -Lo(q') in Lemmas [2] and 0] below. 

From Lemma [1] we will deduce the following Lemma [2], which is a large deviations bound 
for the maximal partial sum of a lacunary sums. 

Lemma 2. Let f and be as in LemmaUl Then there exists a number Lq = Lo{q), 

such that the following holds. Let L > Lq be given, and assume that L is an integral power 
of 2. Write p{a) for the L^-th partial sum of the Fourier series of f. Then we have 


P I a G (0,1) : max 

1<M<L 


M 


^P{sia) 


i=i 


> ^^A/Llog loghj 


< 


48 


(logL)i-4 

and, under the additional assumption that ||p|| 2 '^'^ > we also have 


P a G (0,1) : max 

' V ’ / 1<M<L 


M 


^p{s(,a) 


£=i 


> 43||p||2'^^-^^\/L0oglo^ + \/Z j 


< 


45 


(logL)^ 


The same two conclusions hold if f is an odd function instead of an even function. 

Lemma 3. Let f and {si)i>i be as in LemmaUl Let L be given, and write r{a) for the 
remainder term of the L^-th partial sum of the Fourier series of f. Then we have 



max 

1<M<L 


M 


'^r{s^a) 


i=i 


da < 


L^ 


From Lemmas [2] and [3] we will deduce the following Lemma 01 

Lemma 4. Let f and (sf)£>i be as in LemmaUl Then there exists a number Lq = Lolq), 
such that the following holds. Let L > Lq be given, and assume that L is an integral power 
of 2. Then we have 


P I a G (0,1) : max 

1<M<L 


M 




i=l 


> 


a/ L log log l] 


< 


49 




(logL)i-4 
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and, under the additional assumption that ||p|| 2 '^'^ > L Vioo^ have 


P a G (0,1) : max 

' 1<M<L 


M 


^p{sea) 


i=i 


> 43|b|| 


1/4 \/Q 




v^-1 


^/L^/]og\o^ + 2\/Z I < 


46 


I - i^ogiy 


The same two conclusions hold if f is an odd function instead of an even function. 


As a consequence of Lemma H] we obtain the following theorem, which is a bounded law of 
the iterated logarithm and is of some interest in its own right. As far as we know, this is 
the hrst law of the iterated logarithm for Hadamard lacunary function series which can be 
applied to a class of unbounded functions /. 


Theorem 5. Assume that f is an even measurable function satisfying fl24l) . whose Fourier 
coefficients satisfy fl2SD . Furthermore, let (s^)£>i he a sequence of positive integers satisfy¬ 
ing flT^ for some number q > 1. Then we have 


lim sup 

L —^ oo 


ELi fisia) 

\/ L log log L 


< c 


Q 


for almost all a G (0,1), where we can choose 


Cq = max 


q-r ^-1 


We note in passing that from our proofs it seems that the conclusion of Theorem |5] remains 
true if the conditions \aj\ < , \bj\ < in fl25H are relaxed to \aj\ < \hj\ < 

j-i/2-e some hxed e > 0; however, in this case the constant Cq has to be replaced by 
some other constant which may also depend on e. We will not pursue this possible 
generalization any further in the present paper. 


For the proofs of Theorem [T] and [2] we will also need the following result. It has first been 
stated by Fortet m, a concise proof can be found in [30]. This result can be seen as a 
special case of the more general results in [1]. 


Lemma 5. Let f be a function satisfying fl2T|) . which additionally satisfies a Holder con¬ 
tinuity condition of order (3 for some /3 > 0. Then 


where 

(27) 


lim sup 

L —^ cxD 


Eho’ m'a) 

\/2L log logL 




for almost all a, 



lim — 

m^oo Tfl 



(/(«) + --- + /(2™-'a))'da. 
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3. Proofs of results from Section [2] 

Proof of Lemma [3 The proof of Lemma [3, as well as the proofs of Lemmas Ej [3l 0] and 
Theorem 01 uses methods of Takahashi (SB] and Philipp [33] . 


Assuming that / is even, the L®-th partial sum of the Fourier series of / is of the form 

p{a) = E Qj COS 271 ja, 

i=i 

where by assumption the coefficients Oj satisfy the inequality on the left-hand side of 
We note that (12511 implies that 

(28) 


IIpIU £ S 1 + 81ogL, 


i=i 


J 


We divide the set of integers {1,..., L} into blocks Ai,..., of consecutive numbers, for 
some appropriate w, such that every block contains [logq(4L®)] numbers (the last block 
may contain less)jl More precisely, we set 

L 


w = 


[log. (4L8)] 


and 

Ai = I (i - 1) \logg (4L®)] + 1,..., i [logg(4L®)] | n {1,..., L}, for 1 < i < w. 
We set 


/ 


h= exp 




2A ^ ^ p{sea) 


V 


l<i<w^ iGAi 
i even 


da 


and 


/ 


2A 


V 


l<2<n;, i^Ai 
i odd 


l 2 = exp 
Jo 

Then by the Cauchy-Schwarz inequality we have 
(29) 

Writing 


da. 


/ 


/ exp A 'Yp{sia) da < \/hh- 

V i=i J 


f/i=^p(soa), l<i<w, 


teAi 


^We assume throughout that L is sufficiently large such that all appearing logarithms are well-defined 
and positive. 
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and using the inequality 

< 1 + X + which is valid for |x| < 1, 

we have 


(30) 


h = 


< 


/ n 1 da 

l<i<w, \ l£Ai J 

i even 

f JJ {1 + 2XUi + iX^U^) da, 

^0 


where we used the fact that by ([26]) and ((28|) we have 

\2XU,\ < 2L-i/9||p||oc|A,| 


< 2L-i/9(l + 81ogL) [log,(4L®)] 

< 1 


for L > Lo{q) 


Using the classical trigonometric identity 

cos{y + 2 ;) + cos{y — z) 


(31) 

we have 


(32) 

(33) 


(cos I/) (cos = 


for y,z 


( 

f'? = EE 

VteAi j=l 


a,- cos 271 js£a 


E E 

U + Wi. 


fl jl (lj2 


COs( 27 r(jiS 4 +j2S£2)) + COs( 27 r(jiS 4 - j2S£2)) 


Here we write U for the sum of all those cosine-functions having frequencies in the inter¬ 
val [smin(Ai), 2L®Smax(Ai)], wliere min(Aj) and max(Aj) denote the smallest resp. largest 
element of Aj, and we write Wi for the sum of those cosine-functions having frequencies 
smaller than Smin(Ai)- It is easy to check that no other frequencies can occur in ([32]). We 
note that all the frequencies of the cosine-functions in Ui are also contained in the interval 
[smin(Ai,2E®Smax(Ai)], and Write 

(34) Xi = 2XUi + 4AVi. 


Using this notation we have 


Y[ {1 + 2XUi + 4X^Uf) 

i even 


J] {1 + Xi + iX^Wi) . 

i even 
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From Minkowski’s inequality and fl25|) we deduce that 


(35) 


(36) 


S 3 E E 


I Gj ^ ^ Gj ^ 2 I 


< 


< 


< 


'-V-' 

I 1 

£l,£2GAi, l<ilJ2<T®, 

^ 1<^2 j\>hsiL^lsii^-\ 


E E 

£i,£2eAi, i<ii,j2<n®, 

^l<^2 il>i2S(;2/s<!i-l 

L» 


Jlj2 


E Ett^ ' 




id 5 -11. 


D<£2 


<2sij^/{jse^) 


L» 


< 


2 E Et 


^£i 


£i,£2eAi, j=i 
tl<l2 




< 2|Ai 


I Q 

\-l~6 


Another way of continuing from line fl35l) is to use the Cauchy-Schwarz inequality, which 
leads to 


w'. ^ E E ^ E 

£i,f2eAi, i<j2<T8i<ii<T®, 
^1-^2 il>j2S^2 A^i“l 


I 


1/2 


< 


^i,f2eAi, i<j2<L» 
D<^2 


<yfi 


/ 

E dT 


E 

i<ii<T®, 


i<ii<Th 

ii>i2s^2A^i”i 


yi>i2S£2A^i 

\ <4^se^/(j2Si^) / 

<lbll 




1/2 


11 


1/2 


< 


< 6 


2 E E 

£i/2eAi, i<j<L8 

D<^2 

II id/2 


4^llp|lF 


sA-i 


IIpII 


(37) 
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Now assume that i\ < are two indices from the set {1,..., ta}, and that both zi and 
are even. Then by construction the frequency of any trigonometric function in Xi^ is at 
least twice as large as the frequency of any trigonometric function in . To see why this 
is the case, we recall that the frequency of the largest trigonometric function in Xi^ is at 
most 2L®Smax(Aij), frequency of the smallest trigonometric function in Xj^ is at 

least Smin(Ai 2 )) ^^^1 that by (IT^ 

■Smin(Ai^) ^ ^min(Ai2)-max(Ai^) 

'^max(Ai^) 

> 4L®. 


As a consequence for every set of distinct indices (where the cardinality v is 

arbitrary), all of which are even and are contained in {1,..., w}, the functions Xj^,..., Xj^ 
are orthogonal, i.e. 


(38) 




X,' da = 0 

tv 


(this argument is explained in more detail in [321 ES])- Thus by fl3U]l . fl33]l . fl3T|) . fl3B]l 
and (1351) we have 


h < 


j n (1 + da 


i even 


- / n 


i even 


4A^|Ai|7r^ q 
3 q-l 


da 


i n 


i even 


4A2|A,|7r2 q 

3 q-l 


da 


< 


l<2<n7, 
i even 


= exp 


n 

j 
t 

/ 

V 


does not depend on cx. 

4A^|A,|7r^ q 
3 q-l 


E 


4A2|Ai|7r2 q 


\ 


l<2<4fr, 
i even 


3 J 

In the same way we can get an upper bound for I 2 , and thus by fl29|) we finally obtain 


exp A 




da 
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/ 


< exp 


= exp 


E 


2A^|Aj|7r^ q 


\ 


i even 

2A^L7r^ q 
3 q-1 


q - 1 


exp 


/ 

E 

\ i odd 


2A^|Ai|7r^ q 
3 q-1 


\ 


This proves the first conclusion of the lemma. In the same way we can use flTr|) (and the 
corresponding upper bound for I 2 ) to obtain 


exp A 


1=1 ) 


da < exp ( 12A 


ll.^l|V2 


^/g-l 


INI 


which proves the second conclusion of the lemma. 


Thus we have proved both parts of Lemma [H in the case when / is even; the proof in the 
odd case can be carried out in exactly the same way. 


□ 


Proof of LemmalM By assumption L is an integral power of 2. We set u = log 2 T. By 
classical dyadic decomposition, we can write every subset {1,..., M} of {1,..., L} as the 
disjoint sum of at most one set of cardinality 2'^“^, at most one set of cardinality 2*^“^, 
at most one set of cardinality and so on, at most one set of cardinality ^^d 

additionally at most one set of cardinality at most where all these sets contain 

consecutive positive integers. To be able to represent every sets {!,..., M} in this way, we 
need 2^ sets of cardinality 2^"“^, for /i G {l,...,i/—[z//4]}, and all the sets of cardinality at 
most 21^^"^! starting at an integer multiple of More precisely, the sets of cardinality 

‘ 2 y-r- are of the form 

{j2^-'^ + l,...,(j + l)2^-'^}, ^■e{0,...,2^-l}, p e {!,..., z/- [zz/d]}, 

and the sets of cardinality at most 2 ^"^ are of the form 

+ 1 ,,..., +w}, J e {0,...,- i}, e {i,...,. 

For j e {0,..., 2^ — 1} and p G {1,..., z/ — [zz/d]}, we set 
/ 0+1)2-'^ 

= I a G (0,1) : ^ p{s£a) > -- V 2^“^a/ log log 2^“^ + 

Using the first part of Lemma [1] with 

^ yiog log(2^-/^) 

\/2^ 
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(note that by our construction this value of A is admissible in Lemma [H provided that L 
is sufficiently large) we have 


^ I Vloglog(2^-^) 




exp 


\ \/ 2 ^ 


p(s£«) 1 da < exp 




£=j 2 ^-M+l 


21 oglog( 2 '^ ^)g 7 r 

3(9-1) 


and consequently 

< exp 

Thus we have 


27r2 


q-l 


loglog( 2 '^ -/X < 


e^(log( 2 ^“^‘))i-"‘ 


'v-\v/A\ 21*-! 

u u 

/9=1 j = 0 


u-\v/A\ 


2/9 


p| U U I S ^ ef‘(log(2f"/*l))'‘‘ 


(39) 

Now we set 


< 


20 


(logL)i-^ 


Hj = I a G ( 0 , 1 ) : max 

' i<t«<2r-/4] 


>x/l , 


j 2 (1^/41 

^=j2r^/4i+i 

By fl25H . Minkowski’s inequality, and the Carleson-Hunt inequality (see for example 0 ). 
we have 

i2r-/4i+^ ^ ^ ' 

p{s^a) 1 da 


/ max 

Iq i<9u<2rw4i 




< 


/=1 


/ max 

/o i<9D<2rw4i 


(40) 


< (1 + Slog L)c,b, 


V 5 V 1/6 

j2r-/4i+^ ^ ' 

y/ cos 271 jsia 1 da 

^=j2r^/4i+i j 

/ 1 cos27t jsna I da 

-^0 y=j2rw4i+i 


for some absolute constant Cabs- Estimating the integral in (|40|) can be reduced (via ([3T])) 
to the problem of counting the number of solutions {ii,, ig) of the Diophantine equation 


± • • • ± S 4 = 0 , for indices ii,... ,iQ in the respective index range; 


we have 


/ I cos 27ijsia 1 do; 1 < Cq ( 2 *^^^) 

V=i2rw4i+i ' I 


1/2 













20 


CHRISTOPH AISTLEITNER, ROSWITHA HOFER, AND GERHARD LARCHER 


for some constant Cg depending only on q (see, for example, |I6]). As a conseqnence by 
Markov’s ineqnality we obtain 


and 

(41) 


P 


F{Hj)<Cg{l + 8\ogLf^ = Cgil + 8\ogLfL-^^^ 


IJ Hj\ < + 81ogL)®L-9/4 = Cg{l + 81ogL)®L-®/^ 


j=0 

for some constant Cg depending only on q. We set 


' v-\vl\\ 2^‘-l 

^-=1 U 

M=1 J=0 


u 


U »>]■ 

j=0 


Then by (l39|) and flTT|) we have 

(42) P(F) < 

(43) < 
for snfhciently large L. 


23 


(logL) 

24 

(log L) 1-4 


- + c,(l + 81 ogL) 6 L- 6 A 


By the dyadic decomposition described at the beginning of this proof, for every a G 
(where denotes the complement of the set F) we have 


M 




^p{sia) 


1=1 


< 

< 

< 


(1 + \/2) \JL log log L + (4 + 3\/2)\/L + vT 


q-l 

log logL 

q-l 


for all possible valnes M G {1,...,L}. Thns we have shown that 


(44) P a G (0,1) : max 

’ 1<M<L 


^p(sfa)j > ^^VTloglog 


< 


24 


(log L) 1-4 


for snfhciently large L. Note that whenever the fnnction / satishes the assnmptions of 
Lemma [H then the fnnction —/ also satishes these assnmptions. Thns applying exactly 
the same argnments as above to the fnnctions —/ and —p instead of / and p we also obtain 


P a G (0,1) : max 

' ^ i<Ar<L 


^(-p(s£a))j > log log 


< 


24 


(log L) 1-4 
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for sufficiently large L, which, together with (jH]), proves the hrst conclusion of Lemma [2l 


The proof of the second conclusions of Lemma[2]is very similar to that of the first conclusion 
of the lemma. We use the same dyadic decomposition, but now we define 


Gi,j - I a e 


0 + 1 ) 2 "-'^ . . 

( 0 , 1 ) : p{sea) > f 14||p||2^^——y + j \/ 2 ^Vioglog 2 ^ 

and use the second part of Lemma [T] with 

Note that this choice of A is admissible, due to the restrictions that p < v — [p/d] and 
^ We obtain that 


'0 


^ /|l ||-i/4Vloglog(2^-i‘) \ \ ^ 

exp I ||p ||2 - j== - 2^ pysta) j da < exp 

£=j2^-^+l 


/12^1oglog(2^-^) 






x/g -1 


and consequently 


nG,,j) < exp (^(12 - 14) loglog(2^-^) - /i^ < 


e^(log( 2 ^ ^))2 


x/g -1 

The sets Hj can be defined in the same way as in the proof of the hrst part of the lemma. 
Using similar calculations we obtain that 

M OO / r- 

,1/4 \/? 


max 

1<L<M 




i=i 


< 


< 


^l=l 


5^2-'^/M(14 + /.)|H|^/ 


x/9-1 


\fL\/log logL ) + \fL 


43||p||y^ ^^^ ^ L^/loglogL + \/L, 


except for a set of measure at most 

2 ^ 




^ e^(log(LiU))2 


+ Cg(l + 81ogL)®L-'’/^ < 


45 


(log ly 


(provided that L is sufficiently large). This proves the second part of Lemma O 


□ 


Proof of Lemma 0 The lemma follows from a simple application of Minkowski’s inequality. 
We have 


max 

1<M<L 


M 


Y^isea) 


1=1 


)\. <_ tf( 

J M=W0 V 


M 


^r(s£a) 


e=i 


da 
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(45) 

By fl2^ we have 


L / M 

< E Eii’-b 

M=l \£=1 


1/2 


< E 4 


< 


,j=L8+l ’ 


^ 7 / 2 ’ 


which implies, together with (05]), that 


max 

1<M<L 


M 


^r(s^a) 


t=i 


da < 


L^' 


This proves the lemma. 


□ 


Proof of Lemma Assume that we have decomposed / = p + r as in Lemmas (H [2] and [31 
By Lemma [3] and Markov’s inequality we have 


P 


a 


€ ( 0 , 1 ) 


M 

max > r(sea) 

1<M<L ^ ^ 

~ ~ k=l 



< 


4 

Zs- 


Together with Lemma [2] this yields 


/ 


P 


M 


a G (0,1) : max 

1<M<L 




k=l 


> 


\ 


\ 

V L log log L 

<mq/{q-l) ) 


48 , 4 
- (log A^) 1-4 Is 

49 

“ (log L) 1-4 

for sufficiently large L, which is the hrst part of Lemma 01 


In the same way we can deduce the second conclusion of Lemma 0] from a combination of 
the second conclusion of Lemma [2l and Lemma [3l 


□ 


Proof of Theorem 0 From Lemma [Hand Lemma [31 we can easily deduce Theorem 01 using 
standard methods. Let us hrst assume that / is either even or odd. For m > 1, let 
denote the sets dehned by 


Em = 


a G (0,1) : max 

1<M<2™ 


M 


/(sea) 


e=i 


30g !—^^- 

>-^V2”"loglog2’' 

q-\ 
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Then by Lemma [5] we have 
(46) 

which implies that 


P(-Em) < 


49 


(log 2 " 


>1.4 




< (X). 


m=l 


Thus by the Borel-Cantelli lemma with probability 1 only hnitely many events Em. happen; 
in other words, for almost all a G (0,1) we have 

M 

/(«£«) 


max 


r=i 


< \/2^ log log 2^ for m > mo{a). 


As a consequence for almost all a G (0,1) we have 

ELi /(s^«) 

(47) 


lim sup 

L —^CXD 


< V2- 


30q 


\/ L log log L ' g —l’ 

which proves Theorem O in the case when / is either even or odd. For general / we ap¬ 
ply fl47)) to the even and odd part separately, which results in an additional multiplicative 
factor of 2. Note that 2\/2 • 30 < 85. 


In the same way we can use the second conclusion of Lemma 0] to obtain 


(48) 


lim sup 

L —^ CXD 


y/L log log L 


< 272^3 

<<1 OO V ^ 


1 ’ 


for almost all a G (0,1). Theorem [5] now follows from a combination of flT7)) and flTHl) . 

□ 

4. Exponential Sums and Trigonometric Products: Proofs of Theorem [T] 

AND Theorem [2] 


Theorem [T] and Theorem [2] will follow easily from the following lemma, which is a version 
of Lemma [5] in the case when the function / only satisfies (l25|l (instead of being Holder- 
continuous). We state it only for the special case of the two functions /i and /2 from fl22]) 
and (|23ll . 


Lemma 6. We have 


and 


lim sup 

L —^oo 


Et~oEi(2^«) 

-\/ 2 LloglogL 


71 

7! 


lim sup 

L—)-CxD 


\/2L log log L 


0 


for almost all a. 
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Proof of Lemma 0 As already noted, the functions fi and /2 satisfy conditions fIMl) and fl25|) . 
Let a number d be given, and write pi for the d-th partial sum of the Fourier series of /i, 
and ri for the remainder term. Then by Lemma [5] we have 

(49) limsup ^^=0 | ^ = (j for almost all a 

L^oo V 2L log log L 


where is dehned according to fl271) (for the function pi). Note that Lemma [5] is applicable 
since p is a trigonometric polynomial (and consequently also is Lipschitz-continuous). Note 
furthermore that by fl2^ we have 


ki 2 < 


(14 


1/2 


< 


Consequently by Theorem [5] we have 


(50) 


lim sup 

L^OO 


ELo ri(2^a) 

y/2L log log L 


a/2-1 


for almost all a. 


Replacing fi by /2 and replacing pi and ri by p 2 and r 2 , respectively, we obtain fl49|l 
and (150)) with pi and ri replaced by p 2 and r 2 , respectively. Some standard calculations 
show that 


CTpj —)■ (jp and (Jp2 —)■ (T/2 as d — )■ cxo. 

Furthermore, the expression on the right-hand side of (1501) clearly tends to zero as d —)■ cxo. 
Thus, overall we have 


(51) limsup 

L —^ oo 

and 

(52) limsup 

£j — 


Eho‘/i(2'a) 

y/2L log logL 

\/2L log log L 


^/i 




for almost all a 


for almost all a. 


where cxp and cxp are dehned according to (1271) . Calculating the values of dp and dp is a 
simple exercise, using the Fourier series expansion of /i and / 2 , respectively; it turns out 
that in our specihc setting we have 


(53) 


(54) 



2 



E 


i=i 




4 + 2 ^; (- 1 ) 4 - 1 ) 




2 p- 


■2-f 


r=l 




= 0 . 
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By applying the same arguments to —/i and —/2 instead of fi and /2 we can get absolute 
values in fl5TD and if we wish. This proves Lemma [HI 


□ 


Proofs of TheoremUl and Theorem\^ 

Part 1: upper bounds. By periodicity it is obviously sufficient to prove Theorem [T] for 
h = 1. Let e > 0 and a be given, and set i = e/2. We will assume that a is an element of 
the set of full measure for which the conclusion of Lemma [ 6 ] holds. Then we have 

L 

(55) < 
and 

(56) > M2^a] 


e=o 


IT 




e=o 


^ + ej ^ 2 ^ log log L 


< e\/2L log logL 


for all L > Lo(a). Equation (l55|) already gives the upper bound in Theorem [2l To obtain 
the upper bound in Theorem [H let N be given, and assume that N > We can write 

N = r]M2^ + riM-i2^ ^ + • ■ ■ + f]i2 + tjq 

for numbers {pm, ■ ■ ■ ,Vo) ^ {0, where we assume that M is chosen in such a way 

that Pm = 1; this is simply the binary representation of N. For simplicity of writing we 
set Nm +1 = 0 and 

= p^2^ + pM-i^^-^ + ■ ■ ■ + i/m 2^ 0 < /i < M. 


Then clearly we have 


(67) 


N 


M +1 


^2'Kinp^a. _ 




Y^_i M+1 

27rmfeQ; _ 


2^- 


e-—“ = ^ p^_i £ 2 ™^''+'=". 


k=l 11=1 fc=A^+l /i=l k=l 

Note that for the “odious numbers” mk we have, for every fc, that 


ruk = 


2k — 1 a Uk = 2k — 2 , 
2k — 2 li Uk = 2k — 1 . 


Furthermore, from the special structure of the Thue-Morse sequence we see that for 1 < 
k < 2^~^ we have 


(58) 


_ r + nt, if S2{Nr} ^ 0, 
nN,+k I 2N^ + mk if S 2 (iV^) = 1 , 


’ /i I ^ Z\^ ^ fl 

which together with flTHll . ffTSl) . fl 20 l) and fl 2 ll) implies that 


2 M- 


'y ^ g27rjnjv,j+fca 


k=l 


'fi-l 


'fi-l 


< exp 5 ^/i( 2 ^a) +exp 5 ^/ 2 ( 2 ' 


a 


1 < /i < M + 1. 


,£=0 


Y=0 
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Thus by fl57|l and fl58|l we have 


(59) 


N 

E' 

k=l 


, 27 rmfeQ; 


< 


M+l 

E 

fl=l 


2 m- 


E 

k=l 




M+l 


2M- 


E 

k=l 


^2iTinMij^+ka 


(60) 


< 4M+ 

/i=riog2 M] 

M+l 

< 4M + E (“p(E fi{2^a) j +exp I ^/ 2 ( 2 ' 

ii=riog2 All 


T-i 


'/4-1 


Q( 


a=o 


A=0 


Using the fact that the assumption N > implies that log 2 M > Lq, and also using 

the inequalities fl5^ and fl56l) . we obtain 


M+l 

^ exp 

M=riog2 All 


' kL-l 


M+l 


5^/i(2^a)) < ^ exp((^ + i\ V2(/i - 1) loglog(/x - 1)^ 

M=riog 2 Ari VVv2 / / 


.£=0 


< Mexp 


TT 


^ + £ J a/ 2M log log M 


and 


M+l 


T-1 


M+l 


E E / 2 ( 2 ^a) < ^ exp (eV2(/i- l)loglog(/i- 1) 


/4= riog2 M] 


.£=0 


/i=riog2 M] 

< Mexp fe\/ 2M log log M 


Combining (l60|) . (16T|) and (16T|) we obtain 


N 

E' 

k=l 


, 27 rmfeQ; 


< 4M + 2M exp ^ \/2M log log M 

< 4M + 2M exp ^ y/2(log2 A^) log log(log 2 N)^ 


As a consequence we have 

N 


fc=i 


, 27 rmfcQ; 


< exp 




+ £ ) \/(log N) log log log N 


for all sufficiently large N. This proves the upper bound in Theorem [T] 


Part 2: lower bounds. Now we prove the lower bound in Theorems [T] and [2l Again we 
assume that h = 1, that a and e > 0 are fixed, and that a is from the set of full measure 
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for which the conclusion of Lemma |6] holds. Again we set e = e/2. Then by Lemma [6] 
there exist inhnitely many values of L for which both inequalities 


£=0 


XI ^ V2LloglogL 


and 


X / 2 ( 2 ^a) < log logL 

£=0 

hold simultaneously. The hrst of the two relations already gives the lower bound in Theo¬ 
rem [2l By (fT6D and (l20D . (I2l]) we have 


k=l 


,27rm/cQ; 


> A exp ( X /i(2^«) I - 9 exp ( X /2(2^«) 


£=0 


Y=0 


Thus for inhnitely many L we have 


(61) 


k=l 


,27rmfcQ 


> 2 


-^-i] ^/2L\og \ogL ] - - exp (dy/2Llog logL) . 


Consequently we also have 

N 


E' 

k=l 


,27rmfcQ( 


> exp 




\/{log N) log log log N 


for inhnitely many N. This proves the lower bound in Theorem [H 


□ 


5. Discrepancy oe Thue-Morse-Kronecker sequences: Proof of 

Theorem [3] 


For given L > 1, we set 


and 


Ii{L) = [ I |2sin(7r2^a;)I j da 
\t=o / 

h{L )= / (n I 2 cos(7r2^Q;) I j da. 
Vf=o / 


Integrals of this type have been studied in great detail in [18]. For the integral Ji it is 
proved there that 

(62) 2-^h{L) = {l + o{l)) 
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where k, A are positive constants with 0.654336 < A < 0.663197 (thereby improving an 
earlier result of Eminyan |T5] ). 

Hence for every e > 0 for L large enough we have 

(63) /i(L) < 

We will improve the estimate given for A by Fouvry and Mauduit in the following. 


Lemma 7. Let A be defined as in fl62]) . Then 0.66130 < A < 0.66135. 


Proof. By the formula above of equation (4.2) in [18] we have 



where 0 o(«) = 1 and 


0 j+i(a) 


1 

2 


/ . a 

sm 71 — 

V 2 


(j)j 



+ 


a 


COSTT- 



Furthermore, it was shown in [18] that the functions fij are symmetric around a 

[0,1], and that they are concave on [0,1]. Hence (f>j{0) = min ((>j{a) and 

« 6 [ 0 , 1 ] 


on 


(j)j 



max chjia). 
ae[o,i] 


Let Qjia) := . and m.,- := min qAa),M^ := maxoHa). 

Note that qj{a) of course also is symmetric around a = ^ in [0,1]. We have for every 
Q;m[0,1] 


qj+i{a) = 


< 


0 i+i(«) 

(j)j{a) 



sinvr 

■ ^ 1 
2 1 

^3 (f) + 

COSTT^ 

‘t’i (^) 

Isinvrf 


1 

tolo 

+ 

COSTT^ 

(^) 


|sin7rf 

(f) + 

COSTT^ 

Af,(2±i) 


sin7r| 

(f) + 

cos7r| 

^ 3-1 (^) 


M,. 


Therefore Mj+i = maxgj(a;) < Mj. 

aS[0,l] 

Analogously we obtain qj+fia) > ruj for all a G [0,1]. Altogether Mi > M 2 > M 3 > ... 
and mi < m 2 < m^ < ..., and therefore for every k hxed we have 



(f)L{,C()da 


1 











ON PARAMETRIC THUE-MORSE SEQUENCES AND LACUNARY TRIGONOMETRIC PRODUCTS 29 


Similarly we get 


< 



L 

qj{a)da 

i=i 


M, 


L-k 


qi{a). ..qk-i{a) 


da. 


/ TT |sin7r2^Q;| da > / 

m „ „ ./n 


qUa).. .qk-iia) da. 


Hence 

^k~^ [ qi{a)... qk-i{a) da < (1 + o(l)) < f qi{a)... qk-i{a) da 

Jo Jo 

and consequently 

(64) rrik < A < Mk for all k > 1. 

By considering the function qo{a), in the following we will prove that uiq > 0.6613 and 
Me < 0.66135. 



Wherever q^ is differentiable we have 

I 4>6 {o')4>5{a) — (j)Q{a)4>5{a) 


\Qe{a)\ = 


(05(a)) 

max 106 ^ (a) I 


(65) 


< 


oe[o,i] 


+ 


06 ( 1 ) 


05(0) (05(O))^«6[O,11 


max | 05 '(q;)| . 


It can easily be checked for example by differentiating 05 (a) and 06(a) with the help of 
Mathematica that 4>5{a) is the sum resp. difference of 

32 products of absolute values of sines and cosines, each product weighted by a factor 
and further 

32 such products weighted by further 

32 with weight further 
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32 with weight and finally farther 

32 prodncts with factor 

Hence 

, , /I 1 1 1 1 \ 

- V1024 512 256 128 64/ 

31 

= -TT. 

32 

In the same way we show that also \(j)Q{a)\ < By combining these estimates with the 
valnes of 05(0) and 06(1/2) in fl 6 ^ . we finally obtain \qQ'{a)\ < 56.4. 


Now we calculate 

ge ( - - - ) for a = 0,1,..., 1400000 

^ V2800000/ ’ ’ ’ 

with the help of Mathematica and obtain 


max 



a \ 
28000007 


a = 0,1,..., 1400000 


0.66133092... 


min 



2800000/ 


a = 0,1,..., 1400000 


0.66131148... 


Hence 


and 


me > 0.66131145 - 56.4-= 0.661301... 

^ - 5600000 

Me < 0.66133092 + 56.4-^-= 0.661341... 

5600000 


By fIMl) this implies Lemma [71 □ 

Let us remark that numerical experiments with gi 5 (a) suggest that A = 0.661322602.... 
It is tempting to conjecture that the precise value of A can be expressed in a simple way in 
terms of the “usual” mathematical constants such as e, tt, log 2, etc. However, we do not 
know what such an expression could look like, and cannot even make a reasonable guess 
(the numerical argument in the proof of Lemma [7] does not give any hints). 


Proof of Theorem 0 
Part 1: upper bound 


For the integral h^L) we can use the equality 

T-l I • oL I 

sm 7 r 2 a 


( 66 ) 


|2cos(7r2^a)| 


£=0 


sm vra 


< min 


which holds for 0 < a < 1 and which implies that 


h{L) < 


sin7r2'^a 


sm vra 


da 


7 ra(l — a) j 
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(67) 


< 

< 


2 / 2^ da + 

Jo 


L2 log 2 

2 +-^ 

TT 


. 1 - 2 -^ 

J 2 -L 7ra(l - a) 


da 


(this is essentially a variant of the classical bonnd for the L^-norm of the Dirichlet kernel). 
For /i > 1 and e > 0 we set 


24 ^l 


( 68 ) 


Gf, — I a G (0,1) : ^ 


h=l 


h 


2 M- 


E' 

k=l 


^2'Kihni.OL 


> ( 2 ^^) 




By flTHll . fl63l) and fl671) we have 


24m 

E 

h=l 


h 


2M- 


E 

k=l 


^27Tihnj^a 


da = 


2 ^^ 1 /•! 

E ' 


h=l 

24m 


h 


2 M- 


E 

k=l 


^27rihnka 


da 


< 5 ^-(/.(m) + / 2 (m)) 


h=l 


< ( 2 ^)^+^ 

for snfiiciently large /i. Conseqnently we have 

P(G'^) < ( 2 ^)-i 

which implies that by the Borel-Cantelli lemma with probability one only finitely many 
events occnr. We can show the same resnlt if we replace the seqnence {nk)k>i in 
by {mk)k>i- In other words, for almost all a we have 


(69) 


24m 

E 

h=l 


h 


2M- 


E' 

k=l 


^27rihn}^a 


<(2 


fl\X-\-£ 


and the same estimate for {mk)k>i instead of {nk)k>a for nil /r > /io(a,£). 


Now assume that a, e and N are given. Furthermore we assume that for these values of a 
and £ the estimate fl6^ and the corresponding estimate for {mk)k>i instead of {nk)k>i hold 
for fi > po, and that N > We apply the same dyadic decomposition of N as in the 

proof of the upper bound of Theorem [1] in Section 01 In the same way as we obtained (09]), 
together with the Koksma-Erdos-Turan inequality we can now obtain with M = Llog 2 (iV)J 


ND]^{{nia], ..., {riNa}) 


N 


< 


i+E 


h=l 


N 

E' 

k=l 


^27rihni~cx 
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2^-1 


< 


N ^ M+1 
h=l fi=l 


E 

k=l 


,27rjhnjv„+fca 


r(log 2 Af)/4] 

^ 1 

2 M-1 

M+l 

^ 1 

2 M-1 

(70) <1+ 

y- 

^ h 

g27ri/injv^+fea 

+ E 

y- 

h 


fl=l 

h=l 

k=l 

/A=r(log2 N)/4] + 1 h=l 

k=l 


<Al/4 log AT 

For the last term in fITOl) by fl58|) and 

M+l N 


we have 


E E 

M=r(log2 N)/4] + 1 h=l 


h 


2(1-1 

M+l 

24m 

2(1-1 

g27ri/in(v^+fea 

w 

VI 

E- 

^ h 

g27rjAnjv^+j.o 

k=l 

/i=r(log2 N)/4] + 1 

h=l 

k=l 


M+l 

< ^ ('2M)A+£/2 

M=r(log2N)/4] + l 


Since M < log 2 N, together with flTU]) we have shown that 

ND*^{{n,a},...,{nNa})<N^+^ 

for all sufficiently large N, which proves the upper bound in Theorem [3l 
Part 2: lower bound. 

By ([3]) and (fT7|) for the discrepancy of the sequence {{nka})k>i with N = 2^ for each 
positive integer H we have 


D* > 


> 


1 

AH 


N 


N 

E' 

k=l 


, 27 rm/cffa 


L L 

Y[\sm7iH2^a\ - ^Hl cos 71H2^ 


AH 


i=0 


a\ 


1=0 




Let 


/t(«) = n 


a 


e=o 


We will show below that for any given £ > 0 for almost all a there are inhnitely many L 
such that there exists a positive integer with hi < 2^ and 


h. 


-h (fcLo) » A«‘+*>. 


(71) 
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It is a well-known fact in metric Diophantine approximation that for almost all a we have 
h IIhaII > ^ for all h large enongh. Hence if 11711) is trne for almost all a then there are 
inhnitely many L snch that for N = 2^ we have 

(72) D% > - (hi)" 

and the desired resnlt follows (note that log A < 0). It remains to show the existence of 
the nnmbers hi <2^ which satisfy GD- 


Let £ > 0 be given. From the dehnition of fL{a) it is easily seen that 

(73) |/L(ai) - /L(a;2)| < 2^+V|ai - a2|; 

this follows from the fact that the derivative of the fnnction Y\^=o 
nniformly by 2 ^’''^ 7 r. Now let giid) be the fnnction dehned by 


g^a) = fiij^ 


-L\ 


for a G 


i4 ^,(j + l)4 forj = 


sin 7 r 2 ^a is bonnded 


This dehnition means that gi is constant on intervals of length 4“^ which lie between 
two integer mnltiples of 4“^, and coincides with fi on the left endpoint of snch intervals. 
By fl73l) we have 

(74) |i 7 l-/l| <27^2-^ 

which means that it is snfhcient to prove fl7T|l with fi replaced hy gi (remember that 
the valne of e > 0 was arbitrary and A > 1 / 2 ). The reason for using the functions gi 
instead of fi is that every function gi can be written as a sum of at most 4'^ different 
indicator functions of intervals; consequently, we know that the set of values of a where 
\gi\ is “large” can be written as the union of at most 4^ intervals, which implies an upper 
bound for the size of the Fourier coefficients of the indicator function of this set (see below 
for details). 


Let Q = Q {e) he a positive integer which will be chosen in dependence on e: (we assume 
that Q is “large”). We dehne real numbers 





i — 0 , 1 ,..., Q -|- 1 . 


Furthermore, we dehne 



|a e [0,1) : < Igiia) \ < 5^+11 


for i = 0 , 1 ,..., Q. 
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Then by fl6^ and flTijl we have 


(m«) y+1 + [l - ^P (Aff) ) 2-^ 

i=0 \ i=0 J 

\gL (a) I da 


for sufficiently large L, where k and A are the numbers from ([H2D, and where we used the 
fact that A > 1/2. Hence we have 



Q 

E f 

i=0 


A+l ^ 


> -A 


for sufficiently large L. Consequently for every L large enough there is an G {0, 
with 


,Q} 


4+iP ( 




^ ^ T 


which implies that 




A 


'iL+l 


Note that, as a consequence of the construction of the set always is a union of at 
most 4'^ disjoint intervals. It is easily seen that by trimming the sets appropriately 


we can always find a set such that C M'j^\ such that also is the union of at 
most 4^ intervals, and such that for the measure of the sets we have the exact equality 


Ah 


(h 


Ah 


PI 4 -') = ^ 


A 




ti+i 


Let p = p(e) > 0 be a “small” number. Let denote the largest integer such that 

L 


(75) 


Hl< — 


4Q 

A 


K 


{i + vY 


Note that the right-hand side of flTHl) can be written as 


Pi?' 


){*i) 


and consequently we have > (1 + h)^j fhat means, grows exponentially in L. Note 
also that it is easily seen that < 2^ for sufficiently large L (provided that rj is chosen 
sufficiently small), which is important for fl72|) . 






ON PARAMETRIC THUE-MORSE SEQUENCES AND LACUNARY TRIGONOMETRIC PRODUCTS 35 


We will show that for almost all a for inhnitely many L there is a 
(76) h < Hl such that {ha} G 


For these h then we have 

\9L{ha)\ 

h 


> 


— 

'MQ 


K 

4g 


ii+l 
L 






(1 + h) ^ 


for Q large enough and r] small enough in dependence on £. Together with flTlD this will 
establish flTB . as desired. 

It remains to show fl76l) . Let 1 l(q!) denote the indicator function of the set extended 
with period one. Then we know that 


(77) 

Setting 


1 ^( 0 ) da = ^ 


'0 


4Q 


Ilia) = Ilia) - / du, 

Jo 

we clearly have 1 ^( 0 ;) da = 0 and 

(78) Var[o,i] II < 4^. 

From (1771) we can easily calculate that 


^ 2 . K f X 


(79) ||Il||^= / lL{aYda = — 


4Q V<5*,+i 


^ K f X 


4Q V<5i,+1 


< 


K f X 


4Q 


We write 


lL(a) ~ {ttj cos27i ja + bj sin27rja) 

i=i 

for the Fourier series of (note that it has no constant term, since has integral zero). 
In the sequel, we want to show that the sum 


(80) 


/ li(ha) da 

h<HL ^ 


is large in comparison with the sum 

(81) ^ iL(ha), 

h<HL 









36 CHRISTOPH AISTLEITNER, ROSWITHA HOFER, AND GERHARD LARCHER 

for almost all a and infinitely many L. Since 

(82) ^ liiha) = '^ [ du + U{ha), 

h<HL h<HL h<HL 

snch an estimate will show that the snm on the left-hand side of (152]) is large (for almost all 
a, for inhnitely many L), which in turn implies that many of the events described in fl76|l 
will occur. A lower bound for flHOj) is easy to obtain; to hnd an asymptotic upper bound 
for flHTj) . we will calculate the norm of these sums, and apply the Borel-Cantelli lemma. 


From fl77l) we directly obtain 

(83) = »(l + ,y. 


Next we estimate 


Hl 

ZtA) ■ 

h=l 2 

which is relatively difficult. As a consequence of fl78|) and a classical inequality for the size 
of the Fourier coefficients of functions of bounded variation (see for example m p- 48 ]) 
we have 


(84) 


I , Vario i|Ii 4'- 

" " 2j - j 


4L 

and similarly \hj\ < —. 


We split the function into an even and an odd part (that is, into a cosine- and a sine- 
series). In the sequel, we consider only the even part; the odd part can be treated in 
exactly the same way. Let Pl(q;) denote the 4^^-th partial sum of the Fourier series of the 
even part of I^, and let ri^a) denote the remainder term. Then by Minkowski’s inequality 
we have 


(85) 

Furthermore, 


Hl 




h=l 


< 


Hl 

'^PL{h-) 

h=l 


+ 


Hl 

h=l 


, Minkowski’s inequality, and Parseval’s identity imply that 

< HillrLh 


Hl 

'^rL{h- 

h=l 


< Hl 




OO A T 


< Hl2-^ 

< 1 . 


(86) 


























ON PARAMETRIC THUE-MORSE SEQUENCES AND LACUNARY TRIGONOMETRIC PRODUCTS 37 


To estimate the first term on the right-hand side of fl85l) . we expand pi into a Fourier series 
and use the orthogonality of the trigonometric system. Then we obtain 


Hl 

'^vdh- 

h=i 


(87) 


Hl 

771,772 = 1 Jl,i2 = l 

il7ll=i27l2 
43L 




E 

11,12 = 1 


®ii®i2 


#|(ni,n2) : 


1 < 771,772 < Hl, jiUi = j2n2 


To estimate the size of the sum on the right-hand size of flHTI) . we assume that ji and j 2 are 
hxed. In the case ji = 1 and j 2 = 1, we clearly have ji77i = j 2 n 2 whenever ni = 772 ; thus 
the cardinality of the set on the right-hand side of fl87|) is Hl- If ji = 1 and j 2 = 2, then we 
have to count the number of pairs ( 771 , 712 ) for which 27ii = 712 ; this number is \_Hl/2\. For 
the values ji = 2 and j 2 = 4 we also have to count the number of pairs ( 711 , 772 ) for which 
277 i = 712 ; so this cardinality is also \_Hl/2\. The last example shows that the greatest 
common divisor of ji and j 2 plays a role in this calculation. Using similar considerations, 
in the case of general (fixed) values of ji and j 2 it turns out that we have jiTii = j 2 n 2 
whenever 


77i = V- 


J2 


-, 712 = V- 


Ji 


gcd(ji,j2)’ gcd(ni,7;2) 

As a consequence we have 

#1 ( 711 , 712 ) : 1 < 711,772 < Hl, jlTli = j27l2 

= min 

Hl gcd{ji,j2) 


for some positive integer v. 


Hl gcd{ji,j2) Hl gcd{ji,j2) 


32 


3i 


< 


max(ji,j2) 
-^Lgcd(ji, j2) 

VJiH 


Combining this estimate with fl87p we obtain 


( 88 ) 


Hl 

h=l 


43L 


< 


^7 E 


ii,j2=i 


IU1U2I gcd(ji,j 2 ) 

2 V 3132 


The sum on the right-hand side of the last equation is called a GCD sum. It is well-known 
that such sums play an important role in the metric theory of Diophantine approxima¬ 
tion; the particular sum in fl88|) probably appeared for the first time in LeVeque’s pa¬ 
per [29] (see also [H] and H). A precise upper bound for these sums has been obtained 
























38 


CHRISTOPH AISTLEITNER, ROSWITHA HOFER, AND GERHARD LARCHER 


by Hilberdink [22] 0 Hilberdink’s result implies that there exists an absolute constant Cabs 
such that 


43i 


E 

iij2=i 


QjiQjal gcd(ji,22) 
2 y/jij2 


■C exp 


/ CabsVlog(4=^-^) ^ '^^2 
\ V^ioglogl^ ) ^ 


Combining this estimate with fl7^ and flHHj) (and using Parseval’s identity) we have 


Hl 

h=l 


<C Hl exp 


( CabsVlog(4^^) ^ K f \ 


I ^J\og\ogA^^ I 4Q V'^*L+i 


< ( 1 + 77 )^ exp 


/ CabsVlog(4^-^) \ 

\ ^log log 43 ^ ) ’ 


and, together with fl85ll and fl86l) . and with a similar argument for the odd part of II, we 
obtain 


(89) 


Hl 

h=l 


< (1 + 77 )^ exp 


Cabs\/log( 4 ^^) A 
i/log log 43^ j 


By Chebyshev’s inequality we have 


P a e [0,1) : 


Hl 

^lL(ha) 


h=l 


> {^og Hl) 


Hl 

J2^L(h- 


h=l 


< 


i\og Hl)^‘ 


and since {Hl)l>i grows exponentially in L these probabilities give a convergent series 
when summing over L. Thus by the Borel-Cantelli lemma with probability one only 
hnitely many events 


Hl 


y^lLiha] 


h=l 


> i^og Hl) 


M 


Y.^L{h-) 


h=l 


2 


happen, which by implies that 


Hl 

Y,lL(hc.) 

h=l 

for some absolute constant Cabs- Comparing this upper bound with (l8^ and using fl82D we 
conclude that 

Hl 

lL{ha) 3> (1 + rj)^ as L —)• cx) 

h=l 


< (1 + 77 )^/^ 


exp 


Cabs 

VlogL 


^The upper bounds for the GCD sums in are formulated in terms of the largest eigenvalues of 
certain GCD matrices; since these matrices are symmetric and positive definite, the largest eigenvalue also 
gives an upper bound for the GCD sum. This relation is explained in detail in [3]. 
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for almost all a. In particular we have 

oo Hl 

= cx) 

L=1 h=l 

for almost all a, which means that for almost all a infinitely many events d76|) occur. As 
noted after equation (175]) . this proves the theorem. □ 

6. Concrete Examples: Proof of Theorem [D 
It is known (see [18], formula (2.10)) that for all a we have 


(90) 


jq |siiiir2'a| < H‘ 


£=0 


for all L, where "H = ^ = 0.866 .... Thus from ([T5D . fl55]) and the Weyl criterion it follows 
that ({ii'fca})fc>i is u.d. mod 1 iff a is irrational. 

Hence by ([T]), ([3D, ffThp . and (ITTP for N of the form N = 2^ we have 

L L 


max— 

h<N h 


|2sin7rh2^Q;| — |2 cos7rh2*Q;| 


/=o 


1=0 


ND*j, 


V ^ 

N ^ L 

- + Y^ Y[\2smn2'^ha 

h=l k=0 

^ h \\ha\\ 

h=l " " 

V ^ 

log 3 

- -|- (log A^)A^'°e4, 

^ h \\ha\\ 

h=l " " 


where we write for the star-discrepancy of the hrst N terms of the Thue-Morse- 
Kronecker sequence. 


From the left-hand side of this inequality it is not difficult - but we do not want to go into 
the details here - to show that 


max nD* S> 

n<N 


- -max nD 

log N n<N 


* 

n 


for all N, where denotes the star-discrepancy of the pure Kronecker sequence. 


Furthermore it is easy to show - we again do not go into the details - that 

^ 1 

V < {log N)ND*J^ for all N = 2^. 

h \\na\\ 

h=l " " 

Hence for all N we have 

1 9 9 log 3 

(91) --TTinax nD* max nD* <C (log A^) max nD* + (log A^) N'^. 

log N n<N n<N n<N 
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From this we conclude that the order of the discrepancy ND’^ of the Thue-Morse-Kronecker 
sequence always is essentially (up to logarithmic factors) larger or equal to the order of the 
discrepancy of the pure Kronecker sequence. In fact, the order of ND'^ essentially 

equals the order of ND'^ plus an expression which is at most of order . The order 

of the additional expression is controlled by lacunary products of sine-functions. 

Hence we conclude what we have already announced in Section [D 

/ logSX ~ 

- If the order of satisfies = hi (A^>°e4 j then essentially is of the same 

order as D*j^ 

- If satisfies ND^f = O f j then D*j^ satisfies ND*^^ = (9 j 

Hence the two examples given in Theorem 0] show interesting non-trivial cases where we 
have (almost) best possible distribution for the pure Kronecker sequence with bad distri¬ 
bution for the Thue-Morse-Kronecker sequence. Indeed especially the first example gives 
essentially the extremal values for D*j^ and for D*j^, and shows that the right-hand side 
of (|^ is also essentially optimal. 

It remains an open problem to give concrete examples a where the corresponding Thue- 
Morse-Kronecker sequence has “small” discrepancy D*j^, e.g., a discrepancy of the metric 
order given in Theorem [3] or smaller. Of course it also remains an open problem to give 
good estimates for in the case of “natural” examples of a like a = \/2. 


Proof of Theorem 


a) By 


we know that the continued fraction coefficients of the number /3 : = 


bounded. This is equivalent with the existence of some c > 0 such 


that 


42* 

/ 3-2 
^ <? 


> for all p, g G Z, g > 1, i.e., \q(3 — p\ > - for all such p and q. 


This implies especially \3q/3 -|- 2g — 3p| > ^ for all p, g G Z, g > 1, i.e., 


/3 + f 


> for all such p, g, and hence a = /3 + ^ has bounded continued frac¬ 


tion coefficients. So the star-discrepancy of the pure Kronecker sequence 
satisfies ND*j^ = O (log N). 


On the other hand we already know that for the star-discrepancy of the Thue- 
Morse-Kronecker sequence ({H.fca })^>4 with N = 2^ we have 


N 

exp (27iinkQ:) 

k=l 


ND% > 
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3> |2sin7r2^ 


We give a suitable lower bound for 


Hi := ]^|2sin7r2^ 


I I |sin7r2^Q; 

11 P ^‘“?11 U ..11 


= \/3iV'°s4 cos (tuJ^) H-—sin . 

£=0 

Here := {2^/9} and we have used sin {x + y) = sin a; • cosy + cos a; • siny. 

Note that the base 2 representation of {2^0;} has one of the following ten possible 
forms: 

0 . 1010 ... 

0 . 0101 ... 

0 . 0010 ... 

0 . 1101 ... 

0 . 1110 ... 

0 . 1001 ... 

0 . 1100 ... 

0 . 0111 ... 

0 . 1011 ... 


0 . 0110 . 


hence 2 ^ 0 ; > -jb always and therefore 


|sin'7r2^a| 


>0.2 always. 


Because of IcosTra; — 1| < 3a; and |sin7ra;| < vra; for a; > 0 we have 


siuTT^f > 1 — ' 3 H-^ 1 (5^ > 1 — 55^. 


cos Tl5i + 


Therefore, noting that max(0.2, 1 — 5a;) > e for a; > 0, we also have 


I sin 7r2^Q;| 


> max (0.2, l — 




> e 


-22 log L 
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So 


1 log 3 

Hi > > 




_/V *°S 4 


and the lower bound for follows. The upper bound for follows from fl?I|) 
and from the upper bound for D'^. 


b) It was shown in [9] that 7 has approximation degree 1, hence for the star-discrepancy 
of the sequence we have ND'^ = O {N^) for every £ > 0. To prove the 

lower bound for the star-discrepancy of the sequence {{nk'y})j^>i, like in the 
proof of part a) we have to estimate 11^ := Y\^=o | 2 sin 7 r 2 ^ 7 | from below. We will 
give in the following as an additional information also an upper estimate for 11 ^ in 
order to show that our lower estimate is rather sharp. 

We may restrict ourselves to L of the form L = 8U — 1. Then 

U-l 8j+7 

IIl = n n I 2 sin712^1 . 

j=0 i=8j 

In the following we use some well-known facts on properties of the Thue-Morse 
sequence: 

The base 2-representation of 7 = 0 ,717273 ... consists of 8 -blocks 78 i;+i... 78 'u +8 of 
the form A := 10010110 or B := 01101001. 


Four such consecutive 8 -blocks can occur in the following ten combinations: 

Cl = A ABA 
C 2 = A ABB 
C 3 = ABAA 
C 4 = ABBA 
C 5 = ABAB 
cg = BBAB 
Cj = BBAA 
C 8 = BABB 
cg = BAAB 
Cio = BABA 

that 2®-^ = 0, Cl.... (ci is the block of 32 digits dehned 

above) 

•0,ci if {2™-0,Ci}<| 

•(0,ci + ^) if {2™-0,Ci}>| 


Let, for example, j be such 
For m = 0,1, 2,..., 7 let 
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and 


yi,ra • — 


2™-0,01 if {2™- 0 , 01 } > i 

2™-( 0,01 + ^) if {2™-0,ci}<| 


Then 


8i+7 7 

|2sin7r2^7| < |2sin7r7/i^m| =: U{ci) = 33.487710... 

£=8j m=0 

8j+7 7 

|2sin7r2^7| > |2sin7rxi^m| =: D{ci) = 33.487705... 

£=8j m=0 

In the same way we determine 

U (ci) and D (q) for i = 2, 3,..., 10. 

Fnrther it is well known that the freqnencies F (q) of the occnrrence of a qnadrnple q of 
8 -blocks in the Thne-Morse seqnence are given by 

F (ci) = F (C 2 ) = F (C 3 ) = F (cs) = F (ce) = F (cy) = F (cg) = F (cio) = ^ 


12 


and 


F(c4)=F(c9) = 


6 ‘ 


Hence we get 

(1 - ef ■ {D (ci) D (C2) D (C3) D (cg) D (cg) D {cj) D (cg) D (cio))^ ■ {D (C4) D (cg))^ < 


■C |2 sin7r2^7| 


£=0 


(1 + ef • {U (ci) U (C 2 ) U (C 3 ) U (C 5 ) U (ce) U (cr) U (cg) U (cio)) - • {U {c,) U (cg))« 
which leads to 


N' 


0.6178775 


n |2sin7r2^7| -C iV°' 


6178777 


i=0 


for e small and L large enongh. This finishes the proof. 


□ 


7. An open problem erom the theory oe metric Diophantine approximation 


In conclnsion, we mention an open problem from the theory of Diophantine approximation 
which is related to onr proof of the lower bonnd in Theorem [3l In metric Diophantine 
approximation, one is often interested in hnding conditions on (0(g))q>i which guarantee 
that 



< 


0 (g) 


g 


g 


has infinitely many integer solutions p, q for almost all a. Two instances of this problem, 
either under the additional requirement that p, q are coprime {Duffin-Schaeffer conjec¬ 
ture) or without this additional requirement {Gatlin conjecture), constitute probably the 
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two most important open problems in metric nnmber theory. For the origin of the Dufhn- 
Schaeffer conjectnre see [13], for the Gatlin conjectnre see HD]. Problems of this type are 
discnssed in great detail in Glyn Harman’s monograph on Metric Number Theory m- For 
a recent snrvey, see [7]. 

The problem withont the reqnirement of coprime solntions can also be written in the 
following form: Let Hi, H 2 ,... be intervals of length < 1, which are symmetric aronnd 0. 
Let • • • denote the Lebesgue measure (that is, the length) of these intervals. Under 

which conditions on ■^i, '^ 2 , • • • do we have 

CX> 

^lA„(na) = cx) 

for almost all a? Here 1a denotes the indicator function of A, extended with period one. 

Now in a hrst step this problem can be generalized to the case when the intervals Hi, H 2 ,... 
are not necessarily symmetric around 0, which leads to a problem in inhomogeneous Dio- 
phantine approximation. This type of question is also quite well-investigated. 

Perpetuating this line of thought, it is natural to ask what happens if we don’t assume 
that Hi, H 2 ,... are intervals, but if they may denote any measurable sets in [0,1]. Writing 
V’l, " 02 , • • • for the measure of these sets, the question is under which conditions on ■^i, -^ 2 , • • • 
we have 

00 

^lA„(na) = CX) 

n=l 

for almost all a. Note that a necessary condition is the divergence of the sum of the mea¬ 
sures, by the Borel-Cantelli lemma. It seems that hardly anything is known about this 
general problem. As far as we know, this problem was hrst stated by LeVeque in [23]. In 
this paper he had answered a conjecture of Erdos, and he formulated a generalized version 
of Erdos’ conjecture. We consider this as a very interesting open problem, and we re-state 
it below. 

Open problem: Let Hi, H 2 ,... be measurable sets in [0,1], and let ■^i, -02, • • • denote 
their measure. Under which conditions on {'ipn)n>i is it true that for almost all a the 
fractional part {na} is contained in the set H„ for inhnitely many indices n; equivalently, 
under which conditions is it true that 

00 

lA„{ria) = 00 almost everywhere, 

72=1 

where the indicator functions are extended with period one. 

A problem quite similar to this one emerged during the proof of the lower bound of Theo¬ 
rem 131 However, the situation was comparatively simple there, for example since we could 
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assume there that the sets can be written as the sum of a moderate number of intervals. 
The general problem seems to be much more complicated; LeVeque wrote that this general 
problem “seems rather intractable”. 
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